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By Theodore Y. WU' 
Water waves occurring in the ocean have a wide spectrum of wavelength 
and period, ranging from capillary waves of 1 cm or shorter wavelength to 
long waves with wavelength being large compared to ocean depth, anywhere 
from tens to thousands of kilometers. Of the various long-wavegenic sources, 
distant body forces can act as the continuous ponderomotive force for the 
tides. Hurricanes and storms in the sea can develop a sea state, with the waves 
being worked on by winds and eventually cascading down to swells after a 
long distance of travel away from their birthplace. Large tsunamis can be ascribed 
to a rapidly occurring tectonic displacement of the ocean floor (usually near 
the coast of the Pacific Ocean) over a large horizontal dimension (of hundreds 
to over a thousand square kilometers) during strong earthquakes, causing vertical 
displacements to ocean floor of tens of meters. Other generation mechanisms 
include underwater subsidence or land avalanche in the ocean and submarine 
volcanic eruption. Gigantic rockfalls and long-period seismic waves can also 
produce gravity waves in lakes, reservoirs, and rivers. Generation, propagation, 
and evolution of such long waves in the ocean and their effects in coastal 
waters and harbors is a subject of increasing importance in civil, coastal, and 
environmental engineering and science. 
Of the various long wave phenomena, tsunami appears to stand out in possessing 
a broad variation of wave characteristics and scaling parameters on the one 
hand, and, on the other, in having the capacity of inflicting a disastrous effect 
on the target area. In taking tsunamis as a representative case for the study 
of long waves in the ocean, it can be said that large tsunamis are generated 
with a great source of potential energy (as high as 1015-1016 J), though the 
detailed source motion of a specific tsunami is generally difficult to determine. 
The large size of source region implies that the "new born" waves would be 
initially long and the energy contained in the large wave-number part (k, 
nondimensionalized with respect to the local ocean depth, h )  would be unimpor- 
tant. 
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Soon after leaving the source region, the low wave-number components of 
the source spectrum are further dispersed effectively by the factor sech kh 
into the even lower wave-number parts. Tsunamis thus evolve into a train of 
long waves, with wavelength continually increasing from about 50 km to as 
high as 250 km, but with a quite small amplitude, typically of 112 m or smaller, 
as they travel across the Pacific Ocean at a speed of 650 km/h-760 km/h. 
There is experimental evidence indicating that tsunamis continually, though 
slowly, evolve due to dispersion while propagating in the open ocean; this property 
has been observed by Van Dorn (16) from the data taken at Wake Island of 
the March 9, 1957 Aleutian tsunami. 
One of our primary interests is, of course, the evolution of tsumanis in coastal 
waters and their terminal effects. Large tsunamis can have their wave height 
amplified many fold in climbing up the continental slope and propagating into 
shallower water, producing devastating waves (up to 20 m or higher on record) 
TABLE 1.-Pertinent Physical Characteristics and Scaling Parameters of Tsunami 
thiough its Life Span of ~volut ion 
Parameter 
(1) 
Water depth, h 
Phase velocity, c 
Wave length, A 
Period, T 
Amplitude-depth 
ratio, a / h 
Depth-wave length 
ratio, h / A 
Ur = a k 2 / h 3  
Continental slope 
Source potential energy 
Deep ocean 
(2) 
2.5 km-4 km 
550 km/h-750 km/h 
40 km-200 km 





Decreasing: ( -h 'I2) 
Decreasing: (-h 'I2) 
Ray invariant 
Increasing: (-h - 5 / 4 )  
Decreasing: (-h 'I2) 






upon arriving at a beach. The terminal amplification can be crucially affected 
by three-dimensional configurations of the coastal environment enroute to beach. 
These factors dictate the transmission, reflection, rate of growth, and trapping 
of tsunamis in their terminal stage. After the first hit on target, a tsunami 
is partly reflected to travel once over across the Pacific Ocean, with some 
degree of attenuation-a process which is still unclear, but is generally known 
to be small. Based on observations, Munk (13) suggests the figure of the "decay 
time" (intensity reducing to l /e )  being about 112 day, and the "reverberation 
time" (intensity falling off to lo-') about a week, while the reflection frequency 
(across the Pacific) is around 1.7/day. 
To fix idea, the pertinent physical characteristics and their scaling parameters 
of a tsunami through its life span of evolution can be described qualitatively 
in Table I .  From the aforementioned estimate we note that the dispersion 
parameter, h/X, and the amplitude parameter, a l h ,  are both small in general. 
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However, their competitive roles as rated by the Ursell number Ur, can increase 
from some small values in the deep ocean, typically of order for large 
tsunamis, by a factor of lo3 upon arriving in near-shore waters. This indicates 
that the effects of nonlinearity (amplitude dispersion) are practically nonexistent 
in the deep ocean, but gradually become more important and can no longer 
be neglected when the Ursell number increases to order unity or greater during 
the terminal stage in which the coastal effects manifest. The small values of 
the dimensionless wave number, kh = 2.rrhlX being in the range of 0.6-0.03 
during travel in open ocean, suggests that a slight dispersive effect is still present 
and this can lead to an accumulated effect in predicting the phase position 
over very large distances of travel. The overall evolution of tsunamis, as only 
crudely characterized in Table 1, depends in fact on many factors such as 
the features of source motion, nonlinear and dispersive effects on propagation 
in one and two dimensions, the three-dimensional configuration of the coastal 
region, the direction of incidence, converging or diverging passage of the waves, 
local reflection and adsorption, density stratification in water, etc. While these 
aspects of physical behavior are akin to tsunamis, they are also relevant to 
the consideration of other long wave phenomena. 
With an intent to provide a sound basis for general applications to long wave 
phenomena in nature, this paper presents (in the section on three-dimensional 
long-wave models) a basic long-wave equation which is of the Boussinesq class 
with special reference to tsunami propagation in two horizontal dimensions 
through water having spatial and temporal variations in depth. Under certain 
particular conditions (such as the propagation in one space dimension, or primarily 
one space dimensional of long waves in water of constant depth) this equation 
reduces to the Korteweg-de Vries equation or the nonlinear Schrodinger equation. 
In these special cases we have seen the impressive developments in recent 
studies of the "soliton-bearing" nonlinear partial differential equations by means 
of such methods as the variational modulation, the inverse scattering analysis, 
and modern differential geometry (12,14,17). While extensions of these methods 
to more general cases will require further major developments, the present 
analysis and survey will concentrate on the three-dimensional (with propagation 
in two horizontal dimensions) effects under various conditions by examining 
the validity of different wave models (based on neglecting the effects of 
nonlinearity, dispersion, or reflection) in different circumstances. From the 
example of self focusing of weakly-nonlinear waves (given in the section on 
converging cylindrical long waves), the effects of nonlinearity, dispersion, and 
reflection will be seen all to play such a major role that the present basic 
equation cannot be further modified without suffering from a significant loss 
of accuracy. 
THREE-DIMENSIONAL WATER-LAYER TRANSPORT EQUATIONS 
For our general interest, we first investigate a set of "layer-mean-transport 
equations" for water waves, with no limitation to wavelength and amplitude 
(though without wave breaking), but including the features of ocean floor 
movement and atmospheric pressure variations. We thus consider the motion 
of three-dimensional waves of arbitrary amplitude and wave number (in two 
horizontal dimensions x ,  y )  in an expanse of water whose free surface is at 
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z = <(x, y, t)  and whose bottom is prescribed by z = -h(x, y,  t), and measured 
along the upward vertical axis from the initially undisturbed water surface at 
z = 0.  The ocean water is assumed to be inviscid and incompressible, of uniform 
density p, for which case the Euler equations of motion read 
V ; U = O  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. (1) 
with the boundary conditions (neglecting the surface-tension effects): 
Here U = (u, v, w) denotes the flow velocity; V ,  = (alax,  a/ay, 8/82) a vector 
operator; p  = the pressure; p, = the ambient surface pressure; and g = gravity 
constant. Irrotational motion is assumed so that U = V , + .  In addition, V  :+ 
= 0,  and we have the Bernoulli equation 
in which p_ = a constant reference pressure. 
The following transport theorem is useful: The material derivative oda  flow 
quantity f = f (x, y,  z, t )  satisfies the equation [;I =: [f] + v .  [uf] . . . . . . . . . . . . . . . . . . . . . . . .  
in which u = (u,v) is the vector composed of the two horizontal velocity 
components; V  = (a / ax, a / ay ) is the corresponding two-dimensional vector 
operator, and 
So [F] is the integral of F across the entire vertical layer -h < z < 5 at 
a given horizontal position r = (x,y) and at time t, and F(r,t) signifies the 
average of F over the vertical layer. This theorem has been used in one form 
or another by Laplace and many others. It can readily be proved by considering 
a material volume V which at time t coincides with a vertical column having 
a horizontal cross section S, so that 
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in which the second step follows from Eq. 1 and in the last step use has been 
made of Eqs. 3 and 5. Since S, is arbitrary, the result (Eq. 7) is therefore 
immediate. 
The quantities of particular interest are f = 1; u = (u, v); and w and 
. . . . .  Wenotethat [HI = h 2 ) = e , + e ,  (10) 
is the sum of the kinetic and potential energy densities of the water layer. 
By taking these quantities in turn for f in Eq. 7 and using Eqs. 1-6, we obtain 
the following equations 
Here is defined by Eq. 8; 3 = h + 5 is the total water layer thickness; 
- 
uu denotes a tensor, T say, in the two horizontal dimensions (x = x ,  , y  = 
x,) such that its ijth cartesian component is T, = u x a n d  the ith component 
of V . (T) is aT,,/ax,; and p, = p(x,y, -h) is the pressure at the ocean floor. 
These four equations give the layer-mean-conservation of mass, horizontal and 
vertical momenta, and energy, respectively. They are exact. 
From these differential expressions we can derive a set of integral conservation 
laws under the assumptions that: (1) The free surface spans over the entire 
xy plane; (2) all the physical quantities in Eqs. 11-14 fall off sufficiently fast 
away from the source region such that their integrals over the entire water 
plane S are convergent; and (3) h = ho(x, y )  + h ,  (x, y, t), with the time dependent 
component h ,  assumed integrable over the water plane S. Then for the excess 
mass m, we have 
m - p  \ ( c + h , ) d S = c o n s t . .  . . . . . . . . . . . . . . . . . . . .  (15) 
S 
For the excess mass center, R, defined as 
we have the impulse equation 
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m R = p  u d V = I  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  \ (17) 
I being the impulse; R denoting dR/d t ;  and V the entire flow region. Further, 
we have the conservation of horizontal momentum 
i = ( P ~ V C + ( P ~  - ~ h )  v h ]  d s  . . . . . . . . . . . . . . . .  
S 
and the conservation of vertical momentum 
Finally, conservation of the total energy is given by the relation 
r 
These integral conservation laws are quite self evident in significance as they 
appear almost in elementary form of mechanics. The properties of motion that 
can be asserted by these laws are especially remarkable in that they do not 
depend on the wave motion being small or irrotational, nor on the shape and 
motion of the ocean floor being limited to certain classes. Some aspects of 
these general properties have been examined under special conditions by Keulegan 
and Patterson (1 l), and by Benjamin and Mahony (1). 
THREE-DIMENSIONAL LONG-WAVE MODELS 
We observe that while the transport equations (Eqs. 11-14) possess i ene ra l  
validity, they are still insufficient to serve as equations of motion in general, 
since in that case they are only the four leading moments of a set of hierarchy 
equations as each new moment gives rise to additional new unknowns. For 
irrotational motions, however, these unknowns become interrelated by the field 
equation for the velocity potential + and by the Bernoulli equation (Eq. 6) 
which relates p to +. The required relationships are especially easy to find 
for long waves, as will be subsequently shown. In fact, only the first two 
transport equations, (Eqs. 11 and 12) are needed; Eqs. 13-14 can be used 
afterwards for evaluating the vertical momentum and the energy transport. 
For describing irrotational long waves, we introduce the following nondimen- 
sional variables: 
(u, v, w) (u*, v*, W *) = ------; + +* = - (P, Po) . . . . . . . .  ; (P * , p 3  =- 
C cX Mh, (21) 
in which * indicates a dimensionless variable; X = a characteristic wavelength; 
h, = a constant representative water depth; c = (gh,)"2 a typical wave speed. 
Long waves are characterized by two important parameters: 
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in which a = a representative wave amplitude. By definition, E << 1 for all 
long-wave theories. The magnitude of a differentiates between the linear long 
wave, the weakly nonlinear (of the Boussinesq class), and the fully nonlinear 
(the Airy class) theories according as cr = o(e2), 0(e2), or >O(e2). This relative 
magnitude is conveniently incorporated by the Ursell number 
Substituting Eq. 21 in Eq. 1, Eqs. 11 and 12 and immediately omitting *, we 
obtain 
. . . . . . . . . . . . . . . . . . . . . . .  + v . ( ~ i i )  = 0; (T = h + 5) (25) 
- - 
(qii), + v .(q u u )  = -q v p  . . . . . . . . . . . . . . . . . . . . . . . .  (26) 
in which ii and all the dimensionless layer-mean quantities retain the same 
expression as in the original definition (Eq. 8). The kinematic condition at the 
ocean floor (Eq. 5) now becomes 
Further combination of the equations in Eq. 24 gives 
which is the nondirnensional form of the original Laplace equation for 4 .  
Clearly, 5 = O(a) and q = O(1). Thus ii = O(cr) by Eq. 25, w = O(aE) 
by Eq. 24, and p + z = O(a) by Eq. 26. To keep Eq. 27 consistent with 
this order estimate, we shall assume that h ,  5 O(cr) and V h I 0(1), which 
is still quite general for prescribing the ocean floor depth variation of practical 
interest. We thus assume for 4 the expansion 
Upon substituting Eq. 29 in Eq. 28, we obtain @,, in the form 
1 
a, = +o(rr t ) ;  at = +2(r , t )  + ~ + ~ ( r , t )  - - Z ~ V ~ + ~ ;  QZn = 42n(r , t )  
2 
+ z+,,+, (r , t)  - v 2  S dz S dzI  Q2(n-I)(r, z , ,  t); (n = 1, 2, ...) . . . . . .  (30) 
A possible additive term, z+ ,  (r, t) for a, is rejected so as to satisfy the order 
estimate of w. Accordingly we have for u and w the expansion 
u = V+ = a ( u o  + E ' U ,  + e4u2 + ...); 
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We see that u, = V+,(r,t) is independent of z, so the variation of u and 
w with z can arise only from the higher order terms u, = V Q2, and w, = 
aQ2,/az for n = 1, 2, . . . .  The leading term of the z variation is dictated 
by the ocean floor condition (Eq. 27), since substitution of Eq. 31 in Eq. 27 
yields 
This is the only 4, that is determined from the given boundary condition; the 
other 4;s are yet to be resolved together with the layer-mean momentum equation 
(Eq. 26). To do so, we first derive from the Bernoulli equation (Eq. 6) (now 
in nondimensional form) the expansion 
in which d, = a+/at .  By applying condition (Eq. 4), Eq. 33 gives 
in which * denotes the variable evaluated at the free surface, z = 5. From 
Eq. 33 and Eq. 34 we readily deduce that 
V~-V&=V~,+~E~{V&,-K+O(E~,~))  
- 
Thus by Eq. 35 and Eq. 32, is expressed in terms of &, p,, h and u, 
= ii/a. As for the term in Eq. 26, we immediately see from Eq. 31 that, 
since au,/az = 0 
so the difference between u u  and 66 is indeed negligible. Finally, by substituting 
Eq. 35 and Eq. 36 in Eq. 26 and rewritting Eq. 25, we obtain 
after-suppressing the order parameters a and E. This set of two equations for 
the two unknowns 5 and ii constitutes a generalized Boussinesq class [valid 
in particular for Ur = a / e 2  = O(l)] , applicable to weakly nonlinear three-dirnen- 
sional long waves travelling in a layer of water of variable depth and with 
the ocean floor being possibly in motion. Equation 37 is exact while the momentum 
(Eq. 38) has an error term of order 0(ae4,  a2 E'). 
It should be noted that I (x ,  y, t)  = w, being generally different from V (6) 
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within the accuracy retained, is in fact a rotational vector field in the xy plane 
wherever V h # 0, as can be shown by taking the curl of Eq. 38 (or see as 
follows). Consequently, Eq. 38 does not possess in the region where V h # 
0 a first integral as its "Bernoulli equation" for the two-dimensional layer motion. 
The apparent vorticity V x ii that can arise in the layer-mean-velocity ii may 
be attributed to the presence of the last two terms of Eq. 38; they represent 
the dispersion effects associated with an inhomogeneous medium (due to the 
varying depth) and act as a source or sink of vorticity through variation in 
the vertical acceleration. 
It is nevertheless possible to modify the layer-mean Bernoulli equation by 
introducing a new irrotational velocity which relates to the layer-mean flow by 
u l = V $  sothat V x u f = O  . . . . . . . . . . . . . . . . . . . . . . . (39) 
The difference between ii and u' can be found by using Eq. 29 and Eq. 32 as 
Here we note that ii = u f  up to 0 (ae2)  when V h = 0. We can also recast 
Eq. 34 in terms of 6 as 
This equation, resulting from adding the first two terms in the previous equation 
to both sides of Eq. 34 to render the right-hand side small, may be regarded 
as the modified layer-mean Bernoulli equation. Finally, by substituting Eq. 40 
for ii in Eq. 37 and writing a+, - 6 in the aforementioned equations, we 
obtain 
This pair of equations are equivalent, within the Boussinesq class, to the original 
set (Eq. 37 and Eq. 38), since the two systems have the same error terms, 
namely of 0(ae4,a2e2).  However, the new system appears to be more efficient 
for calculating three-dimensional long waves since Eq. 41 and Eq. 42 contain 
only two scalar unknowns, 5 and & whereas there are three involved in Eq. 
37 and Eq. 38. In fact, 5 can immediately be eliminated by substituting Eq. 
42 for 5 in Eq. 41, giving one equation for $. After ;f, is so determined, we 
can deduce 5 from Eq. 42 and ii from Eq. 40. 
Various long-wave models can be extracted directly from Eq. 41 and Eq. 
42 under special simplifying assumptions. If the nonlinear terms in Eq. 41 and 
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Eq. 42 are neglected, we have the following linear dispersive long-wave model: 
If, on the other hand, the dispersion effects are neglected, we have the following 
nonlinear, nondispersive long-wave model: 
This system is the generalized Airy wave model. When both the nonlinear and 
dispersion effects are neglected, we have the simplest special case, i.e., the 
linear nondispersive long-wave model: 
This system gives for 6 and < a linear wave equation with variable coefficients 
when h depends on x ,  y,  and t. 
In the special case of a homogeneous medium (h = const) and when the 
long waves depend on only one space variable, Eq. 41 and Eq. 42 reduce 
to the classical Boussinesq equations. They further reduce to the ~ o r t e k ~ -  
deVries (KdV) equation when only the right-going or the left-going waves are 
of primary interest. From the very nature of its approximation, the KdV equation 
is noted to be inadequate for treating those long wave propagations in which 
wave reflection is significant. 
In practical applications, our foremost interest is of course in establishing 
the criteria of the optimum long wave model proper to a given condition. For 
analyzing two-dimensional long waves in water of uniform depth, it seems quite 
well established on the accumulated experience that the modeling criteria can 
be ascertained by examining the value of the local Ursell number [or its extended 
definition by Hammack (5)]. Crudely speaking, the linear theory is sufficiently 
accurate if Ur << 1, whether or not the dispersion effect can be neglected 
depends on how small is the value of E = h / h .  To the other extreme, the 
nonlinear nondispersive theory is appropriate for Ur >> 1. When Ur is of 
0(1), the full Boussinesq equation has no comparable substitute for its overall 
performance. In a more refined study, Harnrnack and Segur (7) have further 
pointed out that the appropriate choice should also depend on the initial excess 
mass and an "initial Ursell number" based on the amplitude and length of 
the initial wave. 
In the general case, however, the modeling criteria can further be complicated 
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by such factors as reflection and transmission due to substantial changes in 
water depth, refraction and diffraction in two-dimensional propagation, as well 
as self-focusing and regional resonance in three-dimensional motion. Some of 
these aspects will be considered in the sequel. 
For small values of the amplitude parameter (a = a l h  << l), as generally 
is the case for tsunamis propagating in the open ocean, linear theory is valid 
as long as the Ursell number remains small. For two-dimensional waves generated 
from a monopole source, e.g., arising from a land tilting about a near-coast 
axis, in a water of uniform depth (h = const), the large-time asymptotic behavior 
near the wave front evaluated on linear dispersive theory [see Jeffreys and 
Jeffreys (8)] is 
m being the excess mass. The wave decays exponentially ahead of x = ct 
and becomes oscillatory behind, with the wavelength continually decreasing 
towards the rear. In the wave frame the amplitude decays like t - ' I 3  while 
the wavelength increases in proportion to t ' I 3 ,  indicating a rather gradual and 
slow modulation of both the amplitude and wavelength. 
For a dipole-like initial disturbance (such as with an antisymmetric tilting, 
or an uprising adjacent to a subsidence of the ocean floor), with zero excess 
mass in the resulting wave, the large-time asymptotic behavior becomes 
in which Ai'(z) = dAi(z)/dz; and I = the dipole moment. Thus by linear 
dispersive theory, the waves produced by a dipole-source motion decay at a 
rate of tC2I3, which is faster than that of monopole waves. 
The aforementioned results can be used to assess the relative importance 
of the nonlinear effects. A simple approach is to note that first, the right-going, 
dispersive long waves given by Eq. 49 and Eq. 50 both satisfy the linear equation 
and the corresponding nonlinear model is the Korteweg-deVries equation 
For the one-dimensional monopole wave Eq. 49, the magnitude ratio of the 
nonlinear term in Eq. 52 to the dispersion term is 
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in which t, = the dimensionless time; and the excess mass m has been taken 
to be m = O(pah). This estimate shows that the nonlinear term originally neglected 
can cause a cummulative error that becomes comparable to the contribution 
from the dispersion effects for t,  > ~r - ' r - ' .  Thus, the time required for 
the waves to amplify with the Ursell number increasing to order of unity is 
about t,  = E - ~ ,  or in physical dimensions 
h h 3  
t = t  =-=- . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c r2  ch2 (54) 
For the typical tsunami parameters given in Table 1, t, is at least after 5 h-10 
h of travel in the open ocean before the nonlinear effects may become appreciable. 
In contrast, for the dipole wave (Eq. 50) we find the magnitude ratio of the 
nonlinear-to-dispersion terms to be of O(Ur) for the class of dipole moment 
I = h(ah)"'. This implies that the nonlinear effects on dipole waves will remain 
small, if initially small. 
A different approach is to assess the error due to neglecting the dispersion 
effects in a nonlinear theory. For right-going long waves in water of uniform 
depth, the nonlinear, nondispersive model equation (see Eq. 52, with the term 
5 , neglected) is 
Under the initial condition {(x,O) = f(x), the solution to Eq. 55 can be written 
in terms of the characteristic variable 5 as 
This solution is continuous and one-valued in x either when f l (x )  > 0 for 
all x or otherwise [ f '(x) < 0 for some x] for h 
In the latter case the time limit t, of "wave breaking" for typical tsunamis 
progressing in an ocean of uniform depth, like t, of Eq. 54, is also very lopg; 
based on Table 1 figures, t, = 10 h-25 h. Using the solution (Eq. 56), we 
find that as t -, t,, the magnitude ratio of the nonlinear-to-dispersion terms 
(on the left side of Eq. 53) becomes of order Ur(t - t,)4/t, implying that 
the dispersion effects are no longer negligible near wave breaking, and possibly 
sooner. 
The aforementioned estimates of relative importance of the nonlinear and 
dispersion effects, while may be useful in serving as reference cases, are 
nonetheless too special to be a rule of general validity. In oceanographical 
applications, a very important factor that can affect wave attenuation or 
amplification is the number of dimensions of propagation. This point can be 
exemplified by considering the diverging cylindrical waves, originally concentrat- 
ed monopole like at radial distance r = r, in a water layer of uniform depth. 
Of the leading wave the asymptotic behavior as evaluated on linear dispersive 
theory for large time is 
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m being the excess mass. With the radial spreading factor, r-''2, the amplitude 
of the leading wave now falls off like r-'I2 t-'I3 . Therefore near the wave 
front, the waves decay like t-'16, a rate which is considerably faster than in 
the case of one-dimensional propagation. It therefore follows [from a similar 
estimate as in (Eq. 53)] that the linear model, if once valid, will remain valid 
for diverging waves. This asymptotic behavior also holds true for converging 
cylindrical waves at large radial distances (h << r << r,) if (r - r, - ct) 
is replaced by (r, - r - ct) in the argument of Ai; the accurate asymptotic 
behavior of 5 near the focus (r < h) is however very complex, as will be 
considered in the following section. 
As a simple yet basic case to study the effects of two-dimensional propagation 
on the modeling criteria of long waves, we consider the motion of converging 
cylindrical long waves in water with some specific depth variations. The nonlinear 
dispersive model, Eq. 41 and Eq. 42, becomes in this case @ere we assume 
h, = 0 andp, = 0) 
in which + stands for the layer-mean velocity potential. Or equivalently, we 
may take the axisymmetric form of Eq. 37 and Eq. 38 as the basic equation 
for 5 and ii. The latter system of equations have been adopted by Chwang 
and Wu (3) to calculate converging cylindrical long waves for several depth 
configurations. One of these is the self-focusing and reflection in water of uniform 
depth (h = 1) of the initial wave 
with a = 0.1; r, = 30; and with an initial (inward) phase velocity c, = (1 
+ a/2)  which is equal to that of a two-dimensional solitary wave. The boundary 
condition, by symmetry, is 
The finite-difference method used in numerical computation and the results 
of this case are given in Chwang and Wu (3), and will not be repeated here. 
It may be reported that the same problem has been solved subsequently by 
Schember (in unpublished graduate research) using the new one-equation model 
(obtained from Eq. 59 and Eq. 60 by simple elimination of 5) and an iteration 
scheme for the numerical computation. Schember's result is found to be 
indistinguishable from that of Chwang and Wu (3) over the entire time duration 
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covered in the computation. This comparison lends confirmation on the accuracy 
of the two numerical methods, both permitting a relative error less than lo? 
We now proceed to a comparative study of evolution of cylindrical long 
waves propagating in water of variable depth as predicted by different long-wave 
models. The problem is the self focusing and reflection of a converging cylindrical 
wave on a submerged sea mount of radius 10 h and height (112) h rising above 
an otherwise flat ocean floor so that 
The initial wave is again given by Eq. 61, and the boundary condition, Eq. 
62. With the aforementioned finite jump in h(r) at r ,  = 10, we require that 
5 be continuous at r ,  (and of course everywhere else), and thus the layer-mean 
radial velocity u = +, must satisfy the jump condition 
[ (h+ tJr+,]:;Z=O . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  (64) 
which is readily derived from the continuity equation (Eq. 59 or Eq. 37). Figure 
1 presents the numerical result obtained by uSing the same finite-difference 
scheme as described in Chwang and Wu (3), the time and radial-distance steps 
being taken to be At = Ar = 0.2. From this figure we note that before the 
crest of the incoming wave reaches the sea mount edge, the wave profile remains 
essentially similar, with the crest amplitude increasing like r-'I2 as the wave 
propagates inward; this feature is in close agreement with what is predicted 
by linear theory, but the phase velocity of the nonlinear wave is greater than 
that given by linear theory, as expected. Before and after the wave crest has 
climbed up the sea mount, its phase velocity remains nearly constant throughout 
(as indicated by the dashed line) except during its convergence at the center 
(r = 0 at t = 31), where the wave first accelerates inward to reach a m a x h m  
height over a short period of "phase pause" (at r = 0) before it starts to 
propagate outward with a brief initial acceleration. After this self-focusing and 
reflection, the wave becomes outgoing. There is a negative undular wave 
immediately following the leading outgoing positive wave, with its wave form 
rapidly evolving and its amplitude becoming appreciably greater than that of 
the leading positive wave. Aside from the phase pause at r = 0, the leading 
wave regains nearly the same constant speed as that during the inward trip. 
This result seems to indicate that the nonlinear effects due to increased wave 
amplitude may just offset the effect of reduced water depth (above the sea 
mount) on the wave phase velocity. In addition, there is a small negative leading 
wave which precedes the main reflected crest, this being evidently the first 
wave reflected by the vertical side of the sea mount. 
A series of experiments were conducted by Chwang at Thomas Laboratory, 
California Institute of Technology, under a condition that simulates the axi- 
symmetric long waves in question. The test sea mount model was represented 
by a circular sector of it within a vertex angle of about 27", 2.54 cm in height 
up to a radial distance of 0.51 m, bounded on both radial sides by two vertical 
walls made of 0.95 crn thick plexiglass plate, each being 0.20 m high and 1.58 
m long. The model was placed on the bottom of a wave tank 7.6 m long, 
0.6 m deep, and 0.76 m wide, with the model axis coinciding with the tank 
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center line and with water filled to 5.08 cm in depth (taken as the unit of 
length). Plane initial waves were generated by a plate-type wave generator located 
at one end of the tank, with manual control to yield the initial wave as close 
as was possible to that given by Eq. 61, with a = 0.1. As the wave propagated 
inward within the wedge-shaped sector, the wave amplitude was measured by 
four resistance-type wire gages placed at locations 8.1 cm, 35.6 cm, 76.2 cm, 
and 1.52 m from the vertex of the wedge model along the center line of the 
Nonlinear disperssve model 
A r = A 1 % 0 . 2  
0.1 10 
FIG. 1 .-Self-Focusing and Reflection of Initially Converging Cylindrical Solitary Wave 
Climbing over Submerged Cylindrical Sea Mount (Numerical Results Based on 
Nonlinear Dispersive Model with a = 0.1, r, = 30, and At = Ar = 0.2) 
wave tank. The wave gage consisted of two stainless steel wires, each being 
15.2 cm long and 0.025 cm diam, stretched parallel with a spacing of 0.41 
cm apart across a U-shaped frame of stainless steel rod of 0.32 cm diam. The 
output from the wave gages was processed through a Hewlett Packard carrier 
preamplifier (model 8805 A) and a Sanborn %channel recorder (model 358-100 
C). The experimental results are shown in Fig. 2 together with the numerical 
results of the nonlinear dispersive theory. From this comparison the theory 
516 JUNE 1981 EM3 
appears quite satisfactory in predicting the wave phases during the inward focusing 
and the subsequent reflection within a radial distance as far as r = 20, while 
the peak amplitudes observed in the experiments are slightly smaller than those 
predicted by the theory. This discrepancy can be ascribed to the neglect of 
the viscous effects in the theory and to the approximation that the initial wave 
generated in the tank was not cylindrical in shape and departed slightly from 
a perfect solitary wave profile in the experiment (see comparison between theory 
-0. l 1 Theory ( N. D. 
--- Experiment 
r] 
FIG. 2.-Comparison of Nonlinear Dispersive Theory with Experiments at Different 
Locations 
and experiment at station r = 30 near the initial moment t < 10 in Fig. 2). 
Aside from these small discrepancies, the nonlinear dispersive theory predicts 
satisfactorily the time history and evolution of a three-dimensional long wave. 
In contrast, the numerical results of linear dispersive and linear nondispersive 
long-wave models both become quite inaccurate for the (nondimensional) time 
t > 15 as shown in Figs. 3 and 4, in which the wave form evolved from the 
same initial cylindrical solitary wave, computed by the same method, is plotted 
over the same time sequence as in Fig. 1. The two linear theories underestimate 
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the phase velocity before the wave reaches the sea mount and by even a wider 
margin after climbing over the sea mount, thus delaying the time of crest arrival 
at r = 0 by At  = 4 (about 13%) relative to the nonlinear wave. They further 
overpredict the duration of phase pause at r = 0 (between the inward and 
outward propagation) and the wave amplitude near r = 0. However, the linear 
waves at r = 0 are always finite in amplitude, as should be expected (contrary 
to the misconception occasionally aired in literature) on the ground that the 
LINEAR DISPERSIVE WAVE 
a = 0.1 
r. 
FIG. 3.-Numerical Results of Linear Dispersive Theory for Problem Specified in 
Caption of Fig. 1 
total energy of the initial wave is finite. After the reflection, the two linear 
theories are grossly inaccurate in predicting the position of the leading outgoing 
wave and its trailing undular wave train. Finally, we note that all three theories 
agree in their prediction of a small negative leading wave which precedes the 
main reflected crest. As a further remark, we state that the numerical results 
(not shown) based on the equation of .the Korteweg-de Vries type (that can 
be readily derived from Eq. 59 and Eq. 60 for one radial direction of propagation 
only, either converging or diverging) appear to be the poorest of all these models, 
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the reason being clearly due to the limitation that the incoming and outgoing 
waves cannot occur simultaneously in this model. 
REFLECTION AND TRANSMISSION OF LONG WAVES 
In classical literature, reflection and transmission of long waves have been 
evaluated on linear nondispersive theory (see Lamb, Art 176, 185) for propagation 





0-20 25 3 0  35 40 45 50 
r 
FIG. 4.-Numerical Results of Linear Nondispersive Theory for Problem Specified 
in Caption of Fig. 1 
over either abrupt or gradual slopes. For the two-dimensional motion over a 
submerged step, the reflection and transmission coefficients are 
in which b , ,  6, = the breadths at the surface; and h , , h ,  = the mean depths 
of water on the two sides of the step, the incident long wave (of arbitrary 
shape) being from the side of 6 ,  and h , . The energy is conserved in this process, 
since C: + PC; = 1.  
LONG WAVES 
On the other hand, for a gradual slope (with its depth, h, and breadth, b,  
1 both being slowly varying functions on the scale of wavelength), consideration 
' of either momentum or energy yields for the wave amplitude the relation 5 / o: b-l" h whichis w re en's law. Thus, after traversing agentleslope terminated 
i with breadths b ,  , b , ,  and depths h , , h , ,  the wave experiences a transmission with coefficient 
Rayleigh pointed out that if the slope dimension is but a moderate multiple 
of a wavelength there is virtually no reflection. Thus, the case of abrupt step 
may be called the "strong reflection," and the case of gradual slope, the "weak 
reflection," the transmission coefficient in weak reflection is obviously greater, 
for the same value of p, than that in the strong reflection case. In fact, we 
have 
Between these two extreme cases, the general problem of reflection and 
transmission of waves over a slope of arbitrary inclination has been a topic 
of active investigation. With special interest in tsunami applications, this subject 
has been reviewed and exemplified by Kajiura (9) on the basis of linear 
nondispersive theory. In another approach, the method of Carrier and Greenspan 
(2) has been applied by Tuck and Hwang (15), Kajiura (10) and others to investigate 
nonlinear nondispersive long waves on a sloping beach. Recently, Goring (4) 
has carried out an experimental and theoretical study of the general problem, 
with a detailed comparison between various theories and his experimental results. 
An important finding of Goring is that for a slope of arbitrary inclination terminated 
with given water depths, the transmission coefficient, apart from its dependence 
on the depth ratio, varies continuously with the slope-length-to-wavelength ratio 
(which may be called the "effective steepness parameter") in such a way that 
makes the given slope effectively more steep (or more gradual) for waves of 
wavelength long (or short) relative to the slope length if the transmission coefficient 
is to be estimated by classical formulas (Eq. 65 and Eq. 66). 
In the regime of strong reflection, Goring observed in laboratory experiment 
that both the reflected and transmitted waves undergo appreciable evolution 
by dispersion near the slope. Such evolution, though cannot be predicted by 
linear nondispersive theory, is in accord with a basic observation by Hammack 
and Segur (6) that has the following conclusion. If the initial wave has a net 
positive excess mass, at least one solitary wave will emerge, followed by a 
dispersive train of oscillatory waves. If the excess mass is nonpositive, appearance 
of solitary waves depends on the form of the initial wave. If the initial wave 
is entirely negative, no solitary wave will emerge. 
To illustrate this principle of Hammack and Segur, we take the example 
of the inverse scattering theory given by Whitham (17) concerning the asymptotic 
evolution of the initial solitary wave 
/ in which A = the amplitude; and k = the "solitary wave number." This will 
i 
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remain a permanent wave propagating with velocity c = [g(h + A /2)] ' I 2  through 
water of uniform depth h if 
I / Z  I / Z  
kh = (z) ; or k =  ($) = k ,  . . . . . . . . . . . . . . . . .  
When k # k,, there will be N solitary waves eventually emerging as t + m, 
in which 
1 
N = largest integer < -- [(l + 8 ~ r ) ' "  + 11 = P . . . . .  
2 
These solitary waves have their amplitudes distributed according to 
The aforementioned defiiition of the Ursell number for solitons is after Hammack 
(5 ) ,  now with a slight modification of the constant factor. Thus, the initial 
solitary wave will "fission" to become at least two solitary waves when Ur 
> 1. The solitary wave fission phenomena as predicted by the inverse scattering 
theory have been confirmed experimentally, and is of interest to tsunami 
application. As long tsunami waves climb up a series of continental and near 
coast slopes, their local Ursell number may increase from very small values 
in the open ocean (of order lo-' or less) to order unity and greater, thus it 
is quite possible for each incident wave to fission into a number of waves, 
especially when the propagation is oblique in climbing over a long continental 
shelf with sufficient time for fissionable waves to complete fission. If such 
fission should occur, the frequency and amplitude data obtained from tide gages 
(usually set close to a coast, therefore post fission) could not be u s e d h e c t l y  
to tract back the tsunami characteristics in the open ocean, nor further to the 
source region for motion diagnosis. 
In the same respect, as the "new born waves" emanating from a near coast 
source region enter the deep ocean, the transmitted waves will have their amplitude 
reduced, thereby evolving, according to Hammack and Segur's principle, into 
a leading wave followed by a dispersive train of oscillatory waves. This argument 
is well supported by the experimental results of Goring (4), who also found 
that linear dispersive theory is required (whereas nondispersive theory will fail) 
to predict the conspicuous dispersive behavior of the waves evolved from a 
solitary wave after stepping off a shelf into deep water. 
We have thus seen two interesting aspects of tsunami propagation in which 
the dispersion effects play a significant role in predicting (from specific source 
motion) or back-tracking (from coastal data on amving waves) the tsunami 
behavior in the open ocean. When these transient evolutions of long waves 
during transmission and the "effective steepness parameter" of a continental 
slope are appropriately accounted for, the classical formula for the reflection 
and transmission coefficients are useful to provide estimations. 
In conclusion, we note that the behavior of long waves in the ocean and 
coastal waters is a very complex phenomenon of broad interest. The physical 
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effects of frequency dispersion, nonlinear amplification, boundary reflection, 
dissipative damping and wave trapping may have their roles vary, in relative 
importance, in different circumstances. While the modeling criteria of assessing 
these effects are quite well clarified for long waves in one-dimensional propaga- 
tion, they are still very unclear for the general case of three-dimensional motion. 
The crucial test on the general modeling criteria is thought to lie in their accuracy 
of predicting: (1) Whether the total number of waves and their wavelengths 
will increase appreciably over a long distance of one- or two-dimensional travel 
with finite depth variations; (2) whether the phase velocity is amplitude-dependent; 
and (3) whether the effects of two-dimensional propagation, such as in converging 
and focussing processes, are important on wave evolution. Conceivably, definitive 
answers to these questions are not easy to secure in view of the exceedingly 
small a for any possible field observation and the limited length of wave 
propagation in laboratory tests. Nevertheless, a point of importance revealed 
by this comparative study is that an accurate calculation of long waves, especially 
in regard to evolution of waves and their phase configuration, generated in 
a source region or evolved in coastal waters will require an appropriate model 
and correct dimensions of propagation. An overall modeling criteria for the 
general case are of great importance and will require further studies. 
This paper contains some major topics covered in a keynote lecture, entitled 
the same as this paper, which the writer had the privileged opportunity to deliver 
at the Third ASCE/EMD Specialty Conference held at the University of Texas 
at Austin, September 17-19, 1979. It was especially appropriate that the Con- 
ference also programmed special sessions honoring Louis Landweber, to whom 
I am indebted for having derived benefits and stimuli through many years of 
working together on the International Towing Tank Conference Resistance 
Committee and in other professional capacities. It is with a profound appreciation 
and admiration that I wish to dedicate this paper as a tribute to Lou Landweber. 
I would like to thank Allen T. Chwang and my student Helen6 Schember 
for letting me report in the section on converging cylindrical long waves their 
unpublished results. Warm thanks are also due from me to Chia-Shun Yih, 
Fred Raichlen, George F. Carrier, John W. Miles, Joseph L. Hammack, and 
Jiin-Jen Lee for stimulating conservations and to George T. Yates for his valuable 
assistance. 
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